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Abstract
Two triples of pairwise disjoint triangles in 3-space are combina-
torially isotopic if one triple can be obtained from the other by a
continuous motion during which the triangles remain pairwise disjoint
triangles. We present a short elementary proof that the standard triple
of triangles is not combinatorially isotopic to the Borromean triple of
triangles (aka Valknut). The earlier proof involved the Massey-Rolfsen
invariant. We conjecture that any triple of pairwise disjoint triangles
in 3-space is combinatorially isotopic to one of the 5 triples listed in
the paper.
1 Introduction and main results
Examples of linked triangles go back to Middle Ages [Va].
Here a triangle is the outline (as opposed to the convex hull). Triangles
are considered as subsets of 3-space, i.e. the vertices are not numbered and
the triangle is non-oriented.
A linking of triangles is a set (ordered or non-ordered) of disjoint non-
degenerate triangles in 3-space.
The convex hull 〈X〉 of a finite set X in 3-space is the smallest convex
polyhedron which contains X.
Let ABC be a triangle from a linking ∆ of triangles. Let C ′ be a point
outside the line AB such that (〈ACC ′〉 ∪ 〈BCC ′〉)∩XY Z = ∅ for any other
triangle XY Z in ∆. Then an elementary move of ∆ is replacement of
ABC by ABC ′ in ∆. Two linkings of triangles in 3-space are combina-
torially isotopic if one can be obtained from the other by a sequence of
elementary moves. This notion was introduced in [Sk, §4.1 ‘Linking of tri-
angles in space’] analogously to [PS96] but perhaps were studied earlier. We
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conjecture that two triples of pairwise disjoint triangles in 3-space are com-
binatorially isotopic if one triple can be obtained from the other by an PL
isotopy during which the triangles remain pairwise disjoint triangles.
Obviously, combinatorial isotopy is an equivalence relation.
Theorem 1. Any linking of two ordered triangles is combinatorially isotopic
to one of the following:
• a linking of two triangles whose convex hulls are disjoint;
• the Hopf linking formed by two triangles such that the convex hull of
the first one intersects the second one at exactly one point.
Moreover, linkings from different bullet points above are not combinatorially
isotopic.
Both linkings of Theorem 1 are known. The fact that they are not piece-
wise linear isotopic is known; I plan to present much simpler proof that they
are not combinatorially isotopic. The fact that any linking of two triangles
is combinatorially isotopic to one of the above 2 linkings is not so trivial,
as the following corollary shows: any linking (∆1,∆2) of two triangles is
combinatorially isotopic to the linking (∆2,∆1).
Conjecture 2. Any linking of three non-ordered triangles is combinatorially
isotopic to one of the following:
• a linking of three triangles whose convex hulls are pairwise disjoint;
• the Borromean or the Valknut linking [Bo, Va] formed by the triangle
∆1 with vertices (1, 0, 0), (− 2√5 ,± 1√10 , 0), together with two triangles
∆2, ∆3 defined as follows: ∆j is obtained from ∆j−1 by the cyclic
permutation x→ y → z → x of coordinates;
• the Hopf linking of two triangles together with a triangle whose convex
hull is disjoint from the first two triangles;
• a triangle ∆1 together with two triangles whose convex hulls are disjoint
and both intersect ∆1 at exactly one point;
• the linking formed by an equilateral triangle ∆1 and two triangles ∆2,
∆3 defined as follows: ∆j is obtained from ∆j−1 by the composition of
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the rotation around the altitude of ∆j−1 by pi/3, and the translation by
~h, where 3~h is the altitude of ∆j−1. (Cf. [Sk, §4.1 ‘Linking of triangles
in space’, 4.1.8.d].)
Moreover, linkings from different bullet points above are not combinato-
rially isotopic.
This conjecture should be compared to Milnor’s link homotopy classifica-
tion of 3-component links [Mi54], see the statement in [Sk, §4.4 ‘Borromean
rings and commutators’, Example 4.4.2.e].
All the 5 linkings of Conjecture 2 are known. The fact that they are
pairwise not piecewise linear isotopic is known; I plan to present a much
simpler proof that they are not combinatorially isotopic. The fact that any
linking of three triangles is combinatorially isotopic to one of the above 5
linkings is non-trivial and is presumably unknown.
2 Proofs
We introduce two invariants to prove that linkings from different bullet points
of Conjecture 2 are not combinatorially isotopic. Both invariants are in fact
properties, i.e., they assume values in 2-element sets.
One invariant is defined as follows. For each pair of triangles take their
linking coefficient modulo 2, i.e. take 1 if they are linked mod 2 [Sk], and
0 otherwise. The only two bullet points from Conjecture 2 which are not
distinguished by this invariant are the first two, for which we need a more
complicated property. (This invariant is a simplified version of Milnor-Massey
number [Sk].)
A linking of 3 unordered triangles is called Borromean if the convex hulls
of all 3 triangles have a common point, and the triangles can be enumerated
by numbers 0, 1, 2 so that each of the triangles ∆j intersects the convex hull
of the next triangle ∆(j+1) mod 3 at two points.
Lemma 3. Any linking combinatorially isotopic to a Borromean linking is
Borromean.
To prove Lemma 3 we introduce an alternative definition of the property
of a linking to be Borromean.
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Figure 1: |∂Λ0 ∩ 〈Λ1〉| = 1
Lemma 4. A linking of three triangles is Borromean if and only if the
triangles can be enumerated as Λ0, Λ1 and Λ2 so that |∂Λ1 ∩ 〈Λ2〉| = 2,
|∂Λ2 ∩ 〈Λ0〉| = 2, ∂Λ1 ∩ 〈Λ0〉 = ∅ and 〈Λ0〉 ∩ 〈Λ1〉 ∩ 〈Λ2〉 6= ∅.
Proof. Obviously, any Borromean linking satisfies the properties above. So,
it suffices to prove that every linking that satisfies these properties is Bor-
romean, i.e. that |∂Λ0 ∩ 〈Λ1〉| = 2.
We have 〈Λ0〉 ∩ 〈Λ1〉 6= ∅. There is a point in this intersection is in one of
the outlines of Λ0 and Λ1, so either ∂Λ0 ∩ 〈Λ1〉 or ∂Λ1 ∩ 〈Λ0〉 is non-empty.
Since ∂Λ1 ∩ 〈Λ0〉 = ∅, it follows that ∂Λ0 ∩ 〈Λ1〉 6= ∅.
Therefore ∂Λ0 intersects 〈Λ1〉 either at a point, or at two points, or at a
segment, or at the whole triangle ∂Λ0.
Suppose that ∂Λ0 ∩ 〈Λ1〉 = ∂Λ0, i.e. ∂Λ0 ⊂ 〈Λ1〉. Since |∂Λ1 ∩ 〈Λ2〉| = 2,
we have ∂Λ2 ∩ 〈Λ1〉 = ∅. This and 〈Λ0〉 ⊂ 〈Λ1〉 imply that
∅ = ∂Λ2 ∩ 〈Λ1〉 ⊃ ∂Λ2 ∩ 〈Λ0〉 ∩ 〈Λ1〉 = ∂Λ2 ∩ 〈Λ0〉 6= ∅.
Suppose that ∂Λ0 ∩ 〈Λ1〉 is a point or a segment (see Fig. 1). Then Λ0
is on one side from the plane l(Λ1) containing Λ1. Then the intersection
〈Λ2〉∩〈Λ0〉 is the segment between the two points in ∂Λ2∩〈Λ0〉 which are on
one side from l(Λ1) (and outside of the plane). Hence 〈Λ2〉 ∩ 〈Λ0〉 is outside
l(Λ1). This is a contradiction because 〈Λ2〉 ∩ 〈Λ0〉 intersects 〈Λ1〉 ⊂ l(Λ1).
Thus, ∂Λ0 intersects 〈Λ1〉 by two points.
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Figure 2: ∆1 and ∆
′
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Proof of Lemma 3. Suppose that T is a Borromean linking of triangles ∆0,∆1,∆2
such that
∣∣∂∆j ∩ 〈∆(j+1) mod 3〉∣∣ = 2. Suppose further that we are given an
elementary move of T in which the triangle ∆0 = 4ABC is replaced by the
triangle ∆′0 = 4ABC ′. It is sufficient to prove that the linking (∆′0,∆1,∆2)
satisfies the properties of Lemma 4.
Denote by P and Q the points in the intersection ∂∆1 ∩ 〈∆2〉. Then
〈∆1〉 ∩ 〈∆2〉 is the segment PQ. Since 〈∆0〉 ∩ 〈∆1〉 ∩ 〈∆2〉 6= ∅, we have
PQ ∩ 〈∆0〉 6= ∅. Hence P and Q are on the opposite sides of the plane
containing ∆0. Without loss of generality, P and C
′ are on the same side of
this plane.
Denote by τ the tetrahedron ABCC ′.
In the following paragraph we prove that ∂∆1∩〈∆′0〉 = ∅ and that P and
Q are in the exterior of τ .
Let ∆′1 be the intersection of τ and the plane containing ∆1 (see Fig.
2). The outline ∂∆1 may only intersect the face ABC
′ of τ . Hence ∂∆1
cannot intersect more than one side of ∆′1. Denote by d1 the side of ∆
′
1 that
∂∆1 intersects, or any side not contained in 〈∆0〉 if ∂∆1 does not intersect
∂∆′1. Denote d̂1 := ∂∆
′
1 − d1. The segment PQ intersects d̂1 ∩ 〈∆0〉, hence
PQ ∩ d̂1 ⊂ 〈∆1〉. This means that d̂1 is in the interior of the triangle 〈∆1〉.
Hence the polygon ∆′1 is in the interior of 〈∆1〉, so ∂∆1 does not intersect
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∂∆′1. Therefore, ∂∆1 intersects neither τ nor the convex hull 〈∆′0〉. Also,
since ∆′1 is in the interior of ∆1, the points P and Q are in the exterior of τ .
In the following paragraph we prove that |∂∆2 ∩ 〈∆′0〉| = 2.
Denote by ∆P2 the part of ∆2 which is on the same side of the plane
containing ∆0 as C
′ (and P ). Then P is in the interior of ∆P2 and in the
exterior of τ . However, in all cases where the intersection ∂∆2∩〈∆0〉 does not
consist of two points (whether it is an empty set, or a point, or a segment),
∆P2 is entirely in the interior of τ which contradicts the existence of P . Thus,
|∂∆2 ∩ 〈∆′0〉| = 2.
Finally, we show that 〈∆′0〉 ∩ 〈∆1〉 ∩ 〈∆2〉 6= ∅.
Denote by ∆′2 the intersection of τ and the plane containing ∆2. Then
∂∆2 intersects two sides of ∆
′
2 at two points each. Hence the other sides
of ∆′2 are in the exterior of ∆2. Then the faces 〈ACC ′〉 and 〈BCC ′〉 of the
tetrahedron τ do not intersect 〈∆2〉 and PQ ⊂ 〈∆2〉. Moreover, since P and
Q are in the exterior of τ and PQ ∩ 〈ABC〉 6= ∅, PQ intersects two faces
of τ , hence PQ intersects 〈ABC〉 = 〈∆0〉 and 〈ABC ′〉 = 〈∆′0〉, which means
that 〈∆1〉 ∩ 〈∆2〉 ∩ 〈∆′0〉 6= ∅.
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